We define Baryon Acoustic Oscillation (BAO) observablesdα(z, zc),dz(z, zc), andd / (z, zc) that do not depend on any cosmological parameter. From each of these observables we recover the BAO correlation length d BAO with its respective dependence on cosmological parameters. These BAO observables are measured as a function of redshift z with the Sloan Digital Sky Survey (SDSS) data release DR12. From the BAO measurements alone, or together with the correlation angle θ MC of the Cosmic Microwave Background (CMB), we constrain the curvature parameter Ω k and the dark energy density Ω DE (a) as a function of the expansion parameter a in several scenarios. These observables are further constrained with external measurements of h and Ω b h 2 . We find some tension between the data and a cosmology with flat space and constant dark energy density Ω DE (a).
INTRODUCTION
We present studies of baryon acoustic oscillations (BAO) with Sloan Digital Sky Survey (SDSS) data release DR12 [1] . Part I of this ongoing study is Ref. [2] . We refer the reader to Part I for the notation and methods. This is an outline of the study:
(i) We define and measure BAO observablesd α (z, z c ), d z (z, z c ), andd / (z, z c ) that do not depend on any cosmological parameter, see Part I [2] . From each of these observables we obtain the BAO correlation distance d BAO with its respective dependence on the cosmological parameters. We present many redundant measurements with different galaxy selections, i.e. different background fluctuations, to gain confidence in the results.
(ii) We use the measured BAO distances, and the correlation angle θ MC of the Cosmic Microwave Background (CMB), as an uncalibrated standard ruler to constrain the correlated parameters Ω k and Ω DE (a). The cosmological parameters h, Ω b h 2 and N eff drop out of this analysis.
(iii) Finally we use the measured BAO distances and θ MC as a calibrated standard ruler to further constrain Ω k with external measurements of h and Ω b h 2 . The results of this analysis are compared with the final consensus results corresponding to the DR12 data [3] .
BAO DISTANCES IN THE NORTHERN AND SOUTHERN GALACTIC CAPS
To gain confidence in the identification of the BAO signal from among the background fluctuations, and to obtain the uncertainties by a different method, we repeat the measurements separately for galaxies in the northern and southern galactic caps. This time we analyze SDSS DR12 galaxies (passing the same quality selection flags and zErr < 0.001) with right as- These sub-samples are referred to as northern (>) and southern (<) galactic caps. The results of measurements for G-G and G-C runs are presented in Tables I and II. Blank entries indicate that we were unable to reliably identify a BAO signal.
We combine the measurements of the two independent sub-samples as follows: (i) if fits are successful for both G-G and G-C runs we take the arithmetic average of the two measurements; (ii) we then take the arithmetic average of each corresponding measurement for the northern and southern galactic caps, and assign to each of these averages an independent total uncertainty σ equal to half the total root-mean-square (r.m.s.) difference of all measurements in the northern and southern galactic caps; and finally, (iv) assign an independent systematic uncertainty √ 2σ to each entry in Tables I and II. This  procedure obtains almost the same uncertainties as the  method used for Table III of Part I [2] in spite of the fact that there are more galaxies in the northern galactic cap than in the southern galactic cap, i.e. we find larger background fluctuations in the north. The averages are summarized in Table III. The two sets of measurements presented in Table III  of Part I [2] and Table III have different background fluctuations due to galaxy clustering, have different fits, obtain uncertainties by different methods, and obtain essentially the same results and uncertainties. The rootmean-square of the differences of all entries in Table III  of Part I [2] and Table III divided by √ 2 is 0.00046 which is less than the total independent uncertainties assigned to each entry of each Table, so these measurements are consistent. 
CORRECTIONS
Let us consider corrections to the BAO distances due to peculiar velocities and peculiar displacements of galaxies towards their centers. A relative peculiar velocity v p towards the center causes a reduction of the BAO distanceŝ
In addition, the Doppler shift produces an apparent shortening ofd z (z, z c ) by v p /c, and somewhat less ford / (z, z c ).
We multiply the measured BAO distancesd α (z, z c ), d z (z, z c ), andd / (z, z c ) by correction factors f α , f z and f / respectively. Simulations in Ref. [4] obtain f α − 1 = 0.2283 ± 0.0609% and f z − 1 = 0.2661 ± 0.0820% at z = 0.3, f α − 1 = 0.1286 ± 0.0425% and f z − 1 = 0.1585 ± 0.0611% at z = 1, and f α − 1 = 0.0435 ± 0.0293% and f z − 1 = 0.0582 ± 0.0402% at z = 3. In the following sections we present fits with the corrections
The effect of these corrections can be seen by comparing the first two fits in Table V below. Fits with corrections ∼ 15 times larger, or no corrections at all, are presented in Part I [2] . An order-of-magnitude estimate of this correction can be obtained by calculating the r.m.s. v p corresponding to modes with k ≡ 2π/λ < 2π/(4d ′ BAO ) with Eq. (11) of Ref. [5] and normalizing the result to σ 8 , i.e. to the r.m.s. density fluctuation in a volume (8Mpc/h) 3 .
COMPARISON WITH THE FINAL CONSENSUS DR12 ANALYSIS
We compare the measured BAO observables in Table  III of Part I [2] and Table III with the final consensus "BAO+FS" analysis of the DR12 data set [3] which is summarized in Table IV . The notation of Ref. [3] is related to our notation as follows:
where r d,fid = 147.78 Mpc and H 0 = 67.8 ± 1.2 km s
Mpc −1 . We find agreement within the quoted uncertainties between our measurements in Tables III of Part I [2] or III and the final consensus measurements in Table IV.   Table IV also shows Ω DE (z) extracted from H with Ω k = 0 and Ω m = 0.310 ± 0.005 [3] . These values of Ω DE (z) are in agreement with our results in Fig. 2 below. The observed increase of Ω DE (z) with z was studied in Part I [2] .
Let us try to understand qualitatively how the BAO distance measurements presented in Table III constrain the cosmological parameters. In the limit z → 0 we obtain d BAO =d α (0, z c ) =d z (0, z c ) =d / (0, z c ), so the row with z = 0.1 in Table III Table III then also constrain w 0 and w a or w 1 .
We now constrain cosmological parameters with each of these three sets of independent BAO measurements: 18 BAO distances in Table III of Part I [2] , 12 BAO distances in Table IV of Part I (rows with 0.2 < z < 0.4 G-C, 0.4 < z < 0.5 G-C, 0.5 < z < 0.6 G-LC, and 0.6 < z < 0.9 LG-LG), or 17 BAO distances in Table III .
In Table V we present the cosmological parameters obtained by minimizing the χ 2 with 17 terms corresponding to the 17 BAO distance measurements in Table III for several scenarios. We find that the data is in agreement with the simplest cosmology with Ω k = 0 and Ω DE (a) constant with χ 2 per degree of freedom (d.f.) 15.4/15, so no additional parameter is needed to obtain a good fit to this data.
For the sets of 18, 12 or 17 BAO measurements we obtain, respectively, Ω DE + 0.6Ω k = 0.620 ± 0.030, 0.652 ± 0.041, and 0.647 ± 0.031 for constant Ω DE (a), or 0.638 ± 0.058, 0.585 ± 0.063, and 0.627 ± 0.075 if Ω DE (a) is allowed to depend on a as in Scenario 4. We present the variable Ω DE + 0.6Ω k instead of Ω DE because it has a smaller uncertainty. The constraints on Ω k are weak.
In Table VI we present the cosmological parameters obtained by minimizing the χ 2 with 19 terms corresponding to the 18 BAO distance measurements listed in Table III of Part I [2] plus the correlation angle θ MC = 0.010413 ± 0.000006 of the CMB [6] . We present the variable Ω DE + 2Ω k instead of Ω DE because it has a smaller uncertainty. The corresponding fits for the 17 BAO measurements of Table III plus θ MC are presented in Table VII .
From the fits for θ MC plus the set of 18, or 12 or 17 BAO measurements we obtain, respectively, Ω DE + 2Ω k = 0. Note that the BAO plus θ MC data is consistent with Ω k = 0 or with constant Ω DE (a), i.e. w 1 = 0, but there is some tension when both constraints are applied. A summary of tensions is presented in Table VIII . The tension is not statistically significant for the 17 BAO plus θ MC data (in part because the 17 BAO set has no measurement ofd z (0.67, z c ), see Figures 1 and 2 below) .
MEASUREMENT OF Ω DE (a)
We obtain Ω DE (a) from the 5 independent measurements ofd z (z, z c ) in Table III and Eqs. (17) and (2) To check the robustness of Ω DE (a) in Fig. 1 we add the 6 measurements ofd z (z, z c ) in Table III of Part I [2] and the 17 measurements ofd z (z, z c ) in Table IV of Part I and obtain Fig. 2 . Note that these measurements ofd z (z, z c ) are partially correlated. Note that there is tension with a constant Ω DE (a) for 0.6 < a < 0.67. Note also that the final consensus measurements of DR12 [3] in the last column of Table IV are in agreement with Fig.  2 , and also show the tension with Ω k = 0 and constant Ω DE (a).
We repeat these two figures for the fit for Scenario 1 in Table VII, The sound horizon is calculated from first principles [7] as follows:
where the speed of sound is Table III We can write the result for our purposes as
where (we have neglected the dependence of z dec = 1090.2±0.7 on the cosmological parameters). We take Ω b h 2 = 0.023±0.002 from Big-Bang nucleosynthesis [6] . With the latest direct measurement h = 0.720±0.030 by the HUB-BLE satellite [8] we obtain A = 1.000 ± 0.022. The alternative value h = 0.673±0.012 is obtained from PLANK + WP + highL [6] assuming Ω k = 0 and constant Ω DE (a). For this h we obtain A = 0.968 ± 0.012. The cosmological parameters that minimize the χ 2 with 19 terms (17 BAO measurements from Table III plus θ MC plus A) are presented in Table IX .
From the fits to θ MC plus A plus each of the sets of 18, 12 or 17 BAO measurements we obtain, for free Ω DE (a) as in Scenario 4, Ω k = 0.027 ± 0.018, 0.031 ± 0.019, and 0.023 ± 0.019 for A = 1.000 ± 0.022, and 0.001 ± 0.010, 0.006 ± 0.012, and −0.004 ± 0.010 for A = 0.968 ± 0.012. Note that the external constraint from A reduces the uncertainty on Ω k .
CONCLUSIONS
The results of these studies are: (i) We define and measure BAO observablesd α (z, z c ), d z (z, z c ), andd / (z, z c ) that do not depend on any cosmological parameter. From each of these observables we obtain the BAO correlation distance d BAO in units of c/H 0 with its respective dependence on the cosmological parameters. It is difficult to distinguish the BAO signal from the background fluctuations due to the clustering of galaxies. To gain confidence in the results we repeat the measurements many times with different galaxy selections to obtain different background fluctuations. The measured BAO observables in Tables III and IV of Part  I [2] and Table III are the main result of these studies. These measurements in combination with independent Table III for Ω k = 0, and the corresponding d BAO and Ω DE from the fit for Scenario 4 in Table VII Figure 1 with the addition of the 6 measurements ofdz(z, zc) in Table III of Part I [2] , and the 17 measurements ofdz(z, zc) in Table IV of Part I. These measurements are partially correlated. We present results for (d BAO , Ω DE ) = (0.03367, 0.7188). The curve corresponding to the fit for Scenario 3 in Table VII has been added. The excesses of Ω DE (a) for 0.6 < a < 0.67 are not understood.
and −0.004 ± 0.010 for A = 0.968 ± 0.012, when Ω DE (a) is allowed to vary as in Scenario 4. For more details see Table IX . Note that the external constraint from A reduces the uncertainty of Ω k .
(v) The data is consistent with the constraint Ω k = 0 or the constraint Ω DE (a) constant, but there is some tension when both constraints are required. These tensions are presented in Table VIII and in Fig. 2 . The measured excess of Ω DE (a) for 0.6 < a < 0.67 is not understood.
(vi) We note that the final consensus results of DR12 data [3] also show this tension, see last column in Table  IV which is in agreement with Fig. 2 . Finally we note that the BAO measurements in this study are in agreement with [3] : compare Table IV with Tables III or IV Table III for Ω k = 0.0218, and the corresponding d BAO and Ω DE from the fit for Scenario 1 in Ta Figure 3 with the addition of the 6 measurements ofdz(z, zc) in Table III of Part I [2] , and the 17 measurements ofdz(z, zc) in Table IV of Part I. These measurements are partially correlated. We present results for (d BAO , Ω DE ) = (0.03383, 0.6723).
